We define the concepts of weakly precious ring and precious ring which generalize the notions of a weakly clean ring and a nil-clean ring. We obtain some fundamental properties of these rings. We also consider certain subclasses of such rings, and then offer new kinds of weakly clean rings and nil-clean rings. Finally, we completely determine when a ring consists entirely of very idempotents, units, and nilpotent elements.
Introduction
Let R be a ring with an identity. Idempotents, units and nilpotent elements play important rules in ring theory. The motivation of this paper is to investigate the structures of various rings involving such special elements. An element a in a ring is called very idempotent if a or −a is an idempotent. An element a ∈ R is called (weakly) clean if there exists a (very) idempotent e ∈ R and a unit such that a = e + u [2] . An element a ∈ R is (weakly) nil-clean provided that there exists a (very) idempotent e ∈ R and a nilpotent w ∈ R such that a = e + w [4] and [7] . These inspire us introduce two concepts. We call an element a ∈ R is (weakly) precious if there exists a (very) idempotent e ∈ R, a unit u ∈ R and a nilpotent w ∈ R such that a = e + u + w. A ring R is called a weakly clean (weakly precious, nil-clean, precious) ring if every element in R is weakly clean (weakly precious, nil-clean, precious). Many fundamental properties about commutative weakly clean rings were obtained in [1] and [2] , and that weakly nil-clean rings were comprehensive studied by Breaz et al. in [4] .
In this paper, we shall explore the structures of these rings. In Section 2, we prove that the direct product R = R i of rings R i is weakly precious if and only if each R i is weakly precious and at most one is not precious. Furthermore, we show that the precious property is invariant for any Morita context. In Section 3, we are concern on weakly clean rings and nil-clean rings. Let R be a commutative ring with at most three maximal ideals. If 2 ∈ U (R) and J(R) is nil, we prove that R is weakly clean. This provides a new type of weakly clean rings. A ring R is abelian if every idempotent is central. We show that if R is abelian then M n (R) is nil-clean if and only if R/J(R) is Boolean and M n (J(R)) is nil. This extend the main results of Breaz et al. [5] and that of Koşan et al. [10] . In the last section, we investigate when a ring consists entirely of very idempotent, units, and nilpotent elements. We prove that a ring consists entirely of very idempotents, units and nilpotent elements if and only if R is isomorphic to one of the following: a Boolean ring; Z 3 Z 3 ; Z 3 ⊕ B where B is a Boolean ring; local ring with a nil Jacobson radical; M 2 Z 2 or M 2 Z 3 ; or the ring of a Morita context with zero pairings where the underlying rings are Z 2 or Z 3 . The structure of such rings is thereby completely determined.
Throughout, all rings are associative with an identity. M n (R) and T n (R) will denote the ring of all n × n full matrices and triangular matrices over R, respectively. J(R) and P (R) stand for the Jacobson radical and prime radical of R. Id(R) = {e ∈ R | e 2 = e ∈ R}, −Id(R) = {e ∈ R | e 2 = −e ∈ R}, U (R) is the set of all units in R, and N (R) is the set of all nilpotent elements in R.
Weakly Previous Rings
We start this section by indicating that "weakly cleanness" and "weakly preciousness", "nil-cleanness" and "preciousness" are not the same for elements in a ring. 
is not weakly clean. But (A, −A) is previous, as it has the previous decomposition
Thus, (A, −A) is weakly precious.
(2) Let a ∈ R be nil-clean. Then there exists an idempotent e ∈ R and a nilpotent w ∈ R such that a = e + w, and so a = (1 − e) + (2e − 1) + w. As (2e − 1) 2 = 1, we see that a ∈ R is precious. Thus, every nil-clean element in a ring is previous. The converse is not true. For instance, −1 ∈ Z 3 is not nil-clean, but it is precious. ✷ Example 2.1 shows that { weakly clean elements } { weakly precious elements} and { nil-clean elements } { precious elements }. Though weakly precious rings are rich, but there indeed exist rings which are not weakly precious. Since Id Z = {0, 1}, U Z = {1, −1} and Z has no nonzero nilpotent element, we easily check that 5 ∈ Z is not weakly precious.
Therefore, the ring Z of all integers is not weakly previous. The purpose of this section is to investigate when a ring is weakly previous or previous. Clearly, every homomorphic image of weakly precious rings is weakly precious. Further, we derive Lemma 2.2. Let I be a nil ideal of a ring R. Then R is weakly precious if and only if R/I is weakly precious.
Proof. Let R be a weakly precious ring. Then R/I is weakly precious. Now assume that R/I is weakly precious. Let a ∈ R. Then a = a + I = e + u + w or a = a + I = −e + u + w for an idempotent e ∈ R/I, a unit u ∈ R/I and a nilpotent w ∈ R/I. As I is a nil ideal of R, we easily check that u is a unit element in R and w is a nilpotent element. Since every idempotent lifts modulo I, we can find an idempotent e ∈ R such that e = f . Hence, a = e + u + (w + c) or a = −e + u + (w + c) for some c ∈ I. Write w m = 0 (m ≥ 1). Then (w + c) m ∈ I, and so w + c ∈ R is a nilpotent element. Therefore a ∈ R is weakly precious, as required. ✷
Theorem 2.3. Let R be a ring. Then R is weakly precious if and only if
It is easy to check that α is an R-epimorphism and kerα is a nil ideal of R, and therefore the result follows from Lemma 2.2. ✷ An element a ∈ R is strongly nilpotent if for every sequence a 0 , a 1 , · · · , a i , · · · such that a 0 = a and a i+1 ∈ a i Ra i , there exists an n with a n = 0. The prime radical (i.e., the intersection of all prime ideals) of a ring is exactly the set of all its strongly nilpotent elements.
Lemma 2.4. Let R be a ring. Then the following are equivalent:
(1) R is weakly precious.
(2) R/P (R) is weakly precious.
Proof. This is obvious by Lemma 2.2, as P (R) is nil. ✷
Recall that a ring R is 2-primal provided that every nilpotent element of R is strongly nilpotent [12] . Proof. (1) ⇒ (2) Let a ∈ R. As R is weakly precious, a = e + u + w or a = −e + u + w for an idempotent e ∈ R, a unit u ∈ R and a nilpotent w ∈ R. This shows that a = e+u 1+u −1 w) or a = −e + u 1 + u −1 w). As R is a 2-primal ring, we get w ∈ P (R). Since P (R) is a nil ideal of R, 1 + u −1 w ∈ U (R), and therefore R is weakly clean. ✷ A ring R is called nil-semicommutative if ab = 0 in R implies that aRb = 0 for every a, b ∈ N (R) (see [12] ). For instance, every semicommutative ring (i.e., ab = 0 in R implies that aRb = 0) is nil-semicommutative. Corollary 2.6. Let R be nil-semicommutative. Then the following are equivalent:
(1) R is weakly precious;
(2) R is weakly clean. (1) R is weakly precious.
(2) R is weakly clean.
Then there exists a very idempotent e ∈ R, a unit u ∈ R and a nilpotent element w ∈ R such that a = e + u + w. As R is right (left) quasi-duo, it follows from [13, Lemma 2.3] that w ∈ J(R). Thus, a = e + u 1 + u −1 w ; hence, a ∈ R is weakly clean.
(2) ⇒ (3) This is obvious. (3) ⇒ (1) Clearly, R/P (R) is weakly precious, and therefore the result follows, by Lemma 2.4. ✷ Lemma 2.8. Let R be weakly precious and S be precious. Then R ⊕ S is weakly precious.
Then there exists an idempotent e ∈ R, a unit u ∈ R and a nilpotent v ∈ R such that a = e + u + v or a = −e + u + v. Case I. a = e + u + v. Then we have an idempotent f ∈ S, a unit s ∈ S and a nilpotent w ∈ S such that b = f + v + w. Thus, (a, b) = (e, f ) + (u, s) + (v, w), where (e, f ) ∈ A is an idempotent, (u, s) ∈ A is a unit and (v, w) ∈ A is nilpotent.
Case II. a = −e + u + v. Then we have an idempotent f ∈ S, a unit s ∈ S and a nilpotent w ∈ S such that
, where (e, f ) ∈ A is an idempotent, (u, −s) ∈ A is a unit and (v, −w) ∈ A is nilpotent.
Therefore we conclude that (a, b) is the sum of a very idempotent, a unit and a nilpotent element in A, hence that result. ✷ Theorem 2.9. Let {R i } be a family of rings. Then the direct product R = R i of rings R i is weakly precious if and only if each R i is weakly precious and at most one is not precious.
Proof. =⇒ Obviously, each R i is weakly precious. Suppose R i1 and R i2 (i 1 = i 2 ) are not precious. Then there exist some x ij ∈ R ij (j = 1, 2) such that x i1 ∈ R i1 and −x i2 ∈ R i2 are not precious. Choose x = (x i ) where x i = 0 whenever i = i j (j = 1, 2). Then x ± e is not the sum of a unit and a nilpotent for all idempotents e ∈ R. This gives a contradiction. Therefore each R i is a weakly precious and at most one is not precious. ⇐= Suppose that R i0 is weakly precious and all the others R i are precious. Then
is precious. In light of Lemma 2.8, We conclude that R is weakly precious. ✷
is weakly precious if and only if R is precious if and only if L is precious.
Lemma 2.11. Let e = e 2 ∈ R be such that eRe is weakly precious and (1 − e)R(1 − e) is precious. Then R is weakly precious.
Proof. Let e ∈ R be an idempotent, we have R ∼ = eRe
. Now
As eRe is weakly precious and (1−e)R(1− e) is precious, a = f + u + w or a = −f + u + w for some idempotent f ∈ eRe, u ∈ U (eRe) and a nilpotent w ∈ eRe.
, and so d − cu
It is clear that f 0 0 g is an idempotent element of R and w 0 0 z is a nilpotent element of R, so we need only to show that
By the similar way of Case I, we see that −A is precious, as required. Proof. Let R be weakly precious and S be precious, and let e = diag(1 R , 0). Since eT e ∼ = R and (1 T − e)T (1 T − e) ∼ = S, it follows by Lemma 2.11 that T is a weakly precious ring, as asserted. ✷
Many properties of weakly precious rings can be extended to precious rings. For instance, R is precious if and only if
is precious. The direct product R i of rings R i is precious if and only if each R i is precious. But the subdirect product of (weakly) precious rings is not necessarily (weakly) precious. For instance, Z is a subdirect product of rings {Z n , n ≥ 2}, where each Z n (n ≥ 2) is precious, but Z is not. Lemma 2.13. Let e = e 2 ∈ R be such that eRe and (1 − e)R(1 − e) are precious. Then R is precious.
Proof. Let e ∈ R be an idempotent element, we have R ∼ = eRe
. Now suppose that A = a b c d be an element of R. Since eRe and (1 − e)R(1 − e)
are precious rings, a = f + u + w for some idempotent f ∈ eRe, u ∈ U (eRe) and a nilpotent w ∈ eRe. Let u −1 be the inverse of u.
As in the proof of Lemma 2.11, we easily checks that
is a unit of R, and the the result follows. ✷ Theorem 2.14. Let T be the ring of the Morita context (R, S, M, N, ϕ, φ). If R and S are precious, then T is precious.
Proof. Let R, S be precious rings and let e = diag(1 R , 0). Then eT e ∼ = R and (1 T −e)T (1 T − e) ∼ = S. By virtue of Lemma 2.13, T is a precious ring. ✷ Corollary 2.15. Let R be precious. Then M n (R) is precious.
Proof. If n = 2. Then the result follows by Theorem 2.14. Suppose that the result holds for n ≤ k(k ≥ 2). Then R and M k (R) are both precious. In light of Theorem 2.14,
is precious, where (1) R is precious.
(2) T n (R) is precious for all n ∈ N.
(3) T n (R) is precious for some n ∈ N.
(4) T n (R) is weakly precious for some n ≥ 2.
Proof.
(1) ⇒ (2) The result holds for n = 2 by Theorem 2.14. Assume that the result holds
, where
In light of Theorem 2.14, T k+1 (R) is precious. Then, proving (2), by induction.
This is obvious, as a triangular matrix over R is an idempotent (unit, nilpotent matrix) if and only if every its diagonal entry is an idempotent (unit, nilpotent matrix).
(2) ⇒ (4) is trivial.
we can find an idempotent
. .
It follows that a = e 1 + u 1 + w 1 or a = e 2 − u 2 − w 2 . Clearly, e 1 , e 2 are idempotents, u 1 , u 2 are units and w 1 , w 2 are nilpotent. Therefore proving (1) . ✷ A ring R is weakly periodic provided that for any a ∈ R there exists some p = p m (m ≥ 2) such that a − p ∈ R is nilpotent. For instance, every periodic ring is weakly periodic.
Corollary 2.17. Let R be a weakly periodic ring. Then M n (R) and T n (R) are precious for all n ∈ N.
Proof. For any a ∈ R, there exists a p = p k+1 (k ∈ N) and a nilpotent w ∈ R such that a = p + w. If k = 1, then p ∈ R is an idempotent, and so a ∈ R is precious. Suppose that
, and that p = e + u. Thus, a = e + u + w, and then R is precious. Therefore we complete the proof, by Corollary 2.15 and Theorem 2.16. ✷ Let R be a ring and M an R-R-bimodule. The trivial extension of R by M ,
is (weakly) precious if and only if R is (weakly) precious.
Certain Subclasses
Weakly clean rings and nil-clean rings forms main types of subclasses of weakly precious rings and precious rings, respectively. The purpose of this section is to off new types of such rings. In [2] , Anderson and Camillo proved that if a ring R has at most two maximal ideals and 2 ∈ U (R) then R is weakly clean. We extend this result as follows. 
. Set e = 1 − a 2 and u = a 2 + a − 1. Then e ∈ R/J(R) is an idempotent and u 2 = 1. Further, we have a = e + u. By hypothesis, J(R) is nil, and then every unit and every idempotent lift modulo J(R). So we may assume that e ∈ R is an idempotent and u ∈ U (R). Set w := a − e − u. Then a = e + u + w where w ∈ J(R). Clearly, u + w = u(1 + u −1 w) ∈ U (R), and so a ∈ R is clean. Therefore R is weakly clean. ✷ Then S is a multiplicative closed subset of R. Let P be a maximal ideal of R S . Then we have an ideal Q of R such that P = Q S such that Q S = ∅. Thus, Q ⊆ (x) (y) (z). Assume that Q (x), Q (y) and Q (z). Then we have some b, c, d ∈ Q, but b ∈ (x), c ∈ (y) and d ∈ (z). Choose
, then c ∈ (z). This implies that d ∈ (x). Hence, c ∈ (z) (x) = 0. This gives a contradiction. If c ∈ (x), then d ∈ (x); hence that b = a − (c + d) ∈ (x), a contradiction. Hence, a ∈ (x). Likewise, a ∈ (y) and a ∈ (z). Thus, a ∈ (x) (y) (z), a contradiction. We infer that Q ⊆ (x), or Q ⊆ (y) or Q ⊆ (z). Hence, Q S ⊆ (x) S , or Q S ⊆ (y) S , or Q S ⊆ (z) S . By the maximality of P , we get P = (x) S , or (y) S , or (z) S . Thus, R S has exactly three maximal ideals (x) S , (y) S and (z) S . Therefore R has at most three maximal ideals. Since char(k) = 2, we see that 2 ∈ U (R S ). Set A = R S /J 2 (R S ). Then A has at most three maximal ideals and 2 ∈ U (A). If x ∈ J(A), then 1 − xr ∈ U (A) for any r ∈ R S . Hence, 1 − xr ∈ U (R S ). This implies that x ∈ J(R S ), and so x 2 = 0. That is, x is nilpotent. So, J(A) is nil. Therefore we complete the proof, in terms of Theorem 3. t . Then 3sn = mt, and so 3 | mt. Since 3 ∤ t, we get 3 | m. Obviously, 3 ∤ nb; hence, 3 ∤ (nb − ma). Similarly, 5, 7 ∤ (nb − ma). It follows that nb nb−ma ∈ U (R). We infer that m n ∈ J(R). Therefore 3R 5R 7R ⊆ J(R). Let M be a maximal ideal of R and M = 3R, 5R, 7R. Then 3R + M = R, 5R + M = R and 7R + M = R. Thus, R = (3R + M )(5R + M )(7R + M ) ⊆ 3R 5R 7R + M = J(R) + M ⊆ M , hence, R = M , an absurd. We infer that R is a commutative ring with exactly three maximal ideals. Obviously 2 ∈ R is invertible. Therefore A := R/J 2 (R) is a commutative ring with exactly three maximal ideals. Obviously 2 ∈ A is invertible. As in the proof of Example 3.2, A has the nil Jacobson radical. We conclude that A is weakly clean, by Theorem 3. Recall that a ring R is an exchange ring if for every a ∈ R there exists an idempotent e ∈ aR such that 1 − e ∈ (1 − a)R. Clearly, every nil-clean ring is an exchange ring.
Lemma 3.4. Let R be an abelian exchange ring, and let x ∈ R. Then RxR = R if and only if x ∈ U (R).
Proof. If x ∈ U (R), then RxR = R. Conversely, assume that RxR = R. As in the proof of [6, Proposition 17.1.9], there exists an idempotent e ∈ R such that e ∈ xR such that ReR = R. This implies that e = 1. Write xy = 1. Then yx = y(xy)x = (yx)
2 . Hence, yx = y(yx)x. Therefore 1 = x(yx)y = xy(yx)xy = yx, and so x ∈ U (R). This completes the proof. ✷ Set J * (R) = {P | P is a maximal ideal of R}. We will see that J(R) ⊆ J * (R). In general, they are not the same. For instance, J(R) = 0 and J * (R) = {x ∈ R | dim F (xV ) < ∞}, where R = End F (V ) and V is an infinite-dimensional vector space over a field F . Lemma 3.5. Let R be an abelian exchange ring. Then J * (R) = J(R).
. Let x ∈ J * (R), and let r ∈ R. If R(1 − xr)R = R, then we can find a maximal ideal M of R such that R(1 − xr)R ⊆ M , and so 1 − xr ∈ M . It follows that 1 = xr + (1 − xr) ∈ M , which is imposable. Therefore R(1 − xr)R = R. In light of Lemma 3.4, 1 − xr ∈ U (R), and then x ∈ J(R). This completes the proof. ✷ Lemma 3.6. Let R be a ring with no non-trivial idempotents, and let n ∈ N. Then the following are equivalent:
(1) ⇒ (2) In view of [7, Proposition 3 .16], J(M n (R)) is nil, and then so is M n (J(R)). Let a ∈ R. By hypothesis, M n (R) is nil-clean. If n = 1, then R is nil-clean. Hence, a ∈ N (R) or a − 1 ∈ N (R). This shows that a ∈ U (R) or 1 − a ∈ U (R), and so R is local. That is, R/J(R) is a division ring. As R/J(R) is nil-clean, it follows from [5, Theorem 3] that R/J(R) ∼ = Z 2 . We now assume that n ≥ 2. Then there exists an idempotent E ∈ M n (R) and a nilpotent W ∈ GL n (R) such that
, and that
. By hypothesis, e = 0 or 1. If e = 0, then I n − F = 0, and so E = I n . This shows that
where x ∈ M (n−1)×1 (R). Thus, we get αa = 1, γa = xα + γ, 0 = xβ + δ + I n−1 .
One easily checks that
This implies that u := α + βγa ∈ U (R). Hence, α = u − βγa. It follows from αa = 1 that (u − βγa)a = 1. Since R has only trivial idempotents, we get a(u − βγa) = 1, and so a ∈ U (R). This shows that a ∈ U (R) or 1 − a ∈ U (R). Therefore R is local, and then R/J(R) is a division ring. Since M n (R) is nil-clean, we see that so is M n (R/J(R)). In light of [5, Theorem 3] , R/J(R) ∼ = Z 2 , as desired.
is nil-clean, as asserted. ✷ Example 3.7. Let K be a field, and let
2 , and so R/J(R) ∼ = K. Thus, R is a local ring with a nilpotent Jacobson radical. Hence, R has no non-trivial idempotents. Thus, we are done by Lemma 3.6.
We are now ready to prove: Theorem 3.8. Let R be abelian, and let n ∈ N. Then the following are equivalent: [5, Corollary 6] 
Therefore we complete the proof, in terms of Lemma 3.6. ✷
We note that the "(2) ⇒ (1)" in Theorem 3.8 always holds, but "abelian" condition is necessary in "(1) ⇒ (2)". Let R = M n (Z 2 )(n ≥ 2). Then R is nil-clean. But R/J(R) is not Boolean. Here, R is not abelian.
Corollary 3.9. Let R be commutative, and let n ∈ N. Then the following are equivalent:
(2) R/J(R) is Boolean and J(R) is nil.
(1) ⇒ (3) Let a ∈ R. In view of Theorem 3.8, a−a 2 ∈ J(R). Since R is commutative, we see that J(R) is nil if and only if J(M n (R)) is nil. Therefore a − a 2 ∈ R is nilpotent. (3) ⇒ (2) Clearly, R/J(R) is Boolean. For any a ∈ J(R), we have (a − a 2 ) n = 0 for some n ≥ 1. Hence, a n (1 − a) n = 0, and so a n = 0. This implies that J(R) is nil.
(2) ⇒ (1) As R is commutative, we see that M n (J(R)) is nil. This completes the proof, by Theorem 3.8. ✷
Furthermore, we observe that the converse of [5, Corollary 7] is true as the following shows. Proof. One direction is obvious by [5, Corollary 7] . Suppose that M n (R) is nil-clean. In view of Corollary 3.9, R/J(R) ∼ = Z 2 is nil-clean, and that J(R) is nil. Therefore R is nil-clean, by [5, Lemma 4] . ✷ is nil-clean. Therefore we are done by Lemma 3.6.
A Special Case
A natural problem is asked when a ring consists entirely of very idempotents, units, and nilpotent elements. We will extend the study of the rings consisting entirely of some special elements in [9] , and explore such type rings. Surprisingly, our case will be involved in both Boolean rings and the ring Z 3 of integers modulo 3. Their structures will be thereby completely determined. The following is a generalization of [1, Corollary 2.29] which is for a commutative ring. 
where B is adivision ring; 
(2) a Boolean ring;
Thus, x = 0 in any case. We infer that eRf = 0. Likewise, f Re = 0. Hence, e ∈ R is central, an absurd. This completes the proof. ✷ Lemma 4.5. Let R be any ring that consists entirely of very idempotents, units and nilpotent elements. Then eRe is isomorphic to Z/2Z or Z/3Z for any noncentral idempotent e ∈ R.
Proof. Let e ∈ R be a noncentral idempotent. In view of Lemma 4.4, eRe is a division ring. Set f = 1 − e. For any u ∈ eRe, we assume that u = 0, e, −e, then the matrix X = u 0 0 0 ∈ eRe eRf f Re f Rf is not be a unit, a very idempotent, or a nilpotent element. This gives a contradiction. Therefore u = 0, e or −e, as desired. ✷
Recall that a ring R is semiprime if it has no nonzero nilpotent ideals. Furthermore, we derive Theorem 4.6. Let R be any nonabelian ring that consists entirely of units, very idempotents, and nilpotent elements. If R is semiprime, then it is isomorphic to M 2 (Z 2 ) or M 2 (Z 3 ).
Proof. Suppose that R is semiprime. In view of Lemma 4.4, eRe is a division ring for any noncentral idempotent e ∈ R. It follows by [8, Lemma 21] that R is isomorphic to Recall that a ring R is a NJ-ring provided that for any a ∈ R, either a ∈ R is regular or 1 − a ∈ R is a unit [11] . Clearly, all rings in which every elements consists entirely of units, very idempotents, and nilpotent elements are NJ-rings. Proof. Suppose that R is not semiprime. Clearly, R is a NJ-ring. In view of [11, Theorem 2] , R must be a regular ring, a local ring or isomorphic to the ring of a Morita context with zero pairings where the underlying rings are both division ring. If R is regular, it is semiprime, a contradiction. If R is local, it is abelian, a contradiction. Therefore, R is isomorphic to the ring of a Morita context T = (A, B, M, N, ϕ, ψ) with zero pairings ϕ, ψ where the underlying rings are division rings A and B. Choose E = 1 A 0 0 0 ∈ T . Then E ∈ T is a noncentral idempotent. In light of Lemma 4.5, A ∼ = ET E ∼ = Z 2 or Z 3 . Likewise, B ∼ = Z 2 or Z 3 . This completes the proof. ✷ With these information we completely determine the structure of rings that consist entirely of very idempotents, units and nilpotent elements. ✷
